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The dumbbell graph, denoted by Da,b,c , is a bicyclic graph consisting
of two vertex-disjoint cycles Ca and Cb joined by a path Pc+3 (c 
−1) having only its end-vertices in commonwith the two cycles. By
using a new cospectral invariant for (r, r + 1)-almost regular graphs,
we will show that almost all dumbbell graphs (without cycle C4 as
a subgraph) are determined by the adjacency spectrum.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let G = (V(G), E(G)) be a graph with vertex set V(G) = {v1, v2, . . . , vn} and edge set E(G), where
its order and size are |V(G)| = n(G) = n and |E(G)| = m(G) = m, respectively. All graphs considered
here are simple and undirected. Let A(G) be the (0,1)-adjacency matrix of G and dG(vk) = d(vk) the
degree of the vertex vk . The polynomial φ(G, λ) = det(λI − A(G)) or simply φ(G), where I is the identity
matrix, is deﬁned as the characteristic polynomial of the graph G, which can be written as φ(G) =
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Fig. 1. The graphs Hn,p , θi,j,k and Da,b,c .
λn + a1(G)λn−1 + a2(G)λn−2 + · · · + an(G). Since A(G) is real and symmetric, its eigenvalues are all real
numbers. Assume that λ1(G) λ2(G) · · · λn(G) are the adjacency eigenvalues of graph G, where the
maximum eigenvalue λ1(G) is called the spectral radius or index of G. The adjacency spectrum of a graph
G, denoted by Spec(G), is the multiset of its adjancency eigenvalues.
Two graphs are said to be cospectral if they have the same spectrum (i.e., same characteristic
polynomial). A graph is said to be determined by its spectrum if there is no other non-isomorphic graph
with the same spectrum. Until now, numerous examples of cospectral but non-isomorphic graphs are
reported in the literature (see Chapter 6 in [3] for example). However, only fewgraphswith very special
structure have been proved to be determined by their spectra. For the background and some known
results about this problem and related topics, we refer the readers to the excellent surveys [4,5] and
the references therein. Here, it is worth to mention some recent results:
(i) Bang et al. [1] proved that the Hamming graphs H(3, q) with diameter three are determined by
the adjacency spectrum for q 36.
(ii) Haemers et al. [8] showed that the lollipop graphsHn,p with p odd (see Fig. 1) are determined by
the adjacency spectrum. Boulet and Jouve proved in [2] that the others cases are also determined
by the adjacency spectrum. Additionally, Haemers et al. showed that the lollipop graphs are
determined by the Laplacian spectrum as well.
(iii) Liu et al. [9,10] gave some special double starlike graphs and multi-fan graphs, which are
determined by the Laplacian spectrum.
(iv) Omidi [11] investigated the spectral characterization of graphs whose largest eigenvalue is less
than 2 with no path as a component.
(v) Wang et al. [15] introduced a new tool for determining graphs that are characterized by the
Laplacian spectrum and they reported some of such graphs. In [14], the authors found all the
graphs cospectral with the DK-graph P1,n−6
1,2,n−3, deﬁned in [6] by van Dam and Kooij.
As usual, let Cn and Pn be the cycle and the path of order n, respectively. A graphG is said to be bicyclic
if it is connected and m(G) = n(G) + 1. In this paper, we investigate the spectral characterization of
one particular type of bicyclic graph known as dumbbell graph. The dumbbell graph Da,b,c consists of
two vertex-disjoint cycles Ca and Cb joined by a path Pc+3 (c  −1) having only its end-vertices in
common with the cycles (cf. Fig. 1). In order to keep the paper more self-contained, we will give here
some additional notions. A property of a graph G is said to be a cospectral invariant if φ(H) = φ(G)
implies that the graph H shares that property. For two graphs G and H, G ∪ H denotes the disjoint
union of G and H. Let Ta,b,c denote the tree with exactly one vertex v of maximal degree 3 such that
Ta,b,c − v = Pa ∪ Pb ∪ Pc . A θ-graph, denoted by θi,j,k , is a graph consisting of two given vertices joined
by three disjoint paths whose order are i, j and k, respectively (cf. Fig. 1). A graph G is said to be almost
regular if |d(vi) − d(vj)| 1 for any vi, vj ∈ V(G). Clearly, there are two types of such graphs: one is
the regular graph and the other one is called (r, r + 1)-almost regular graph, i.e., its vertex set can be
partitioned into two subsets V1 and V2 such that d(vi) = r for vi ∈ V1 and d(vj) = r + 1 for vj ∈ V2. Note,
there are exactly two kinds of (2,3)-almost regular graphs such that m = n + 1, and such graphs are
the dumbbell graphs or the θ-graphs with eventually cycles as connected components. We denote by
gcd(a, b) the greatest common divisor of the two integers a and b.
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This paper is organized as follows. In Section 2, some available lemmas will be summarized. In
Section3, a cospectral invariant for (r, r + 1)-almost regularswill begiven. In Section4,wewill consider
some lemmas necessary to prove themain results. In Section 5, we show that all dumbbell graphswith
c /= 0 or c = 0 and gcd(a, b) 2 (without cycle C4 as a subgraph) are determined by the adjacency
spectrum.
Remark 1.1. Due to the symmetry, let 3 a b and c  −1 in graph Da,b,c and 0 i  j  k, (i, j) /=
(0, 0), in graph θi,j,k (cf. Fig. 1).
2. Basic results
In this section we present some useful and known results, which will play an important role
throughout this paper.
Lemma 2.1 [3]. Let H be a proper subgraph of a connected graph G. Then λ1(H) < λ1(G).
Lemma 2.2 (Interlacing Theorem [3]). Let the eigenvalues of graphs G and G − v be λ1  λ2  · · · λn
and μ1  μ2  · · · μn−1, respectively. Then λ1  μ1  λ2  μ2  · · · μn−1  λn.
The following lemma can be found in many places (for example, see [3, p. 32]). To state it we need
some additional deﬁnitions. An elementary ﬁgure is the graph P2 or the graph Cq (q 3). A basic ﬁgure
is a graph whose components are elementary ﬁgures.
Lemma 2.3 (Coefﬁcient Theorem [3]). Let φ(G, λ) = λn + a1(G)λn−1 + · · · + an(G) be the characteristic
polynomial of an arbitrary graph G. Then
ai(G) =
∑
U∈Ui
(−1)p(U) · 2c(U) (i = 1, 2, . . . ,n),
where p(U) and c(U) are, respectively, the number of components and the number of cycles contained in a
basic ﬁgure U, andUi is the set of all basic ﬁgures contained in G having exactly i vertices.
Lemma 2.4 [3]. Let G be a (simple) graph. Denote by C(v) (C(e)) the set of all cycles in G containing a
vertex v (resp. an edge e = uv). Then we have:
(i) φ(G, λ) = λφ(G − v, λ) −∑w∼v φ(G − v − w, λ) − 2∑C∈C(v) φ(G − V(C), λ)
(ii) φ(G, λ) = φ(G − e, λ) − φ(G − v − u, λ) − 2∑C∈C(e) φ(G − V(C), λ).
We assume that φ(G, λ) = 1 if G is the empty graph (i.e. with no vertices).
Lemma 2.5 [3]. Let Cn and Pn be the cycle and the path on n vertices, respectively. Then
(i) φ(Cn) = ∏nj=1
(
λ − 2 cos 2π jn
)
= 2 cos (narccos λ
2
)− 2 and λ1(Cn) = 2,
(ii) φ(Pn) = ∏nj=1
(
λ − 2 cos π j
n+1
)
= sin((n+1)arccos
λ
2
)
sin
(
arccos λ
2
) and λ1(Pn) < 2.
Lemma 2.6 [4]. For n × n matrices A and B, the following facts are equivalent:
(i) A and B are cospectral;
(ii) A and B have the same characteristic polynomial;
(iii) tr(Ai) = tr(Bi) for i = 1, 2, . . . ,n.
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With respect to the cospectral invariants, we have the following result:
Lemma 2.7 [4]. Let G and H be two graphs such that φ(G) = φ(H). Then
(i) n(G) = n(H) and m(G) = m(H).
(ii) G is bipartite if and only if H is bipartite.
(iii) G is k-regular if and only if H is k-regular.
(iv) G is k-regular with girth g if and only if H is k-regular with girth g.
(v) G and H have the same number of closed walks of any ﬁxed length.
Dumbbell and theta graphs already appeared in the literature several times. The following result
concerning the largest eigenvalue is one of the most important related to them.
Remark 2.1 [13]. Among all the bicyclic graphs of order less than or equal to n, there are precisely two
graphs whose largest eigenvalue is minimal: one of both is Dk,k,n−2k−1, while the other is θk−1,k−1,n−2k ,
where k =  n
3
 and n 7.
3. A cospectral invariant for (r,r+1)-almost regular graphs
To prove that a graph is determined by the adjacency spectrum, it is helpful to know many more
cospectral invariants. In this section, we provide a new one for (r, r + 1)-almost regular graphs.
Lemma 3.1. Let (d1, d2, . . . , dn) be the degree sequence of a graph G of order n and sizem, and d the average
degree. Then
∑n
i=1 d2i is minimal if and only if
d1 = · · · = dt(G) = d	 + 1 and dt(G)+1 = · · · = dn = d	,
that is, G is a almost regular graph, where t(G) = ∑ni=1 di − nd	. Further, G is a d-regular graph for t = 0
and G is a (d	, d + 1	)-almost regular graph for t /= 0.
Proof. It is easy to see that for any i and j,
∑n
i=1 d2i is minimal if and only if |di − dj| 1. In fact,
assume the contrary and let |di − dj| 2 for some i and j. Without loss of generality we can take that
di  dj + 2. If so, by replacing di and dj with di − 1 and dj + 1, then the sum of the squares decreases.
Let t be such that
d1 = · · · = dt = d	 + 1 and dt+1 = · · · = dn = d	.
Clearly, t = ∑ni=1 di − nd	 = t(G) of the di’s are d	 + 1 and the others are d	. Obviously,G is d-regular
for t = 0. Otherwise G is a (d	, d + 1	)-almost regular graph.
This completes the proof. 
Theorem 3.1. Let H and G be two graphs such that Spec(H) = Spec(G),where G contains no cycle C4 as a
subgraph. If G is a (r, r + 1)-almost regular graph, then
(i) H contains no cycle C4 as a subgraph;
(ii) H is a (r, r + 1)-almost regular graph with the same degree sequence of G.
Proof. FromSpec(H) = Spec(G), by Lemma2.6wegetφ(H, λ) = φ(G, λ)which implies thatn(G) = n(H),
m(G) = m(H) and a4(G) = a4(H). Since G contains no cycle C4 as a subgraph, we have from Lemma 2.3
that a4(G) is equal to the number of 2-matchings in G. It is not difﬁcult to obtain that this number is
a4(G) =
(
m(G)
2
)
−
n(G)∑
i=1
(
dG(vi)
2
)
=
(
m(G) + 1
2
)
− 1
2
n(G)∑
i=1
dG(vi)
2. (1)
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Assume that H has x cycles C4. From Lemma 2.3 again it follows that
a4(H) =
(
m(H) + 1
2
)
− 1
2
n(H)∑
i=1
dH(vi)
2 − 2x. (2)
From (1) and (2) we arrive at
n(G)∑
i=1
dG(vi)
2 =
n(G)∑
i=1
dH(vi)
2 + 4x. (3)
Since G is a (r, r + 1)-almost regular graph, from Lemma 3.1 we know that the left of (3) is minimum,
which implies x = 0. ThenH doesnot contain cycleC4 as a subgraph. Consequently, from(3) andLemma
3.1, H is a regular or an almost regular graph. From Lemma 2.7(iii) we know that H can not be regular.
Hence,H is a (r, r + 1)-almost regular. Since t(G) = ∑ni=1 dG(vi) − n(G)d	 = 2m(G) − n(G) 2m(G)n(G) 	, then
t(G) = t(H) implying G and H have the same degree sequence. 
4. Preparation for the main results
In this section we will consider some results which will play a crucial role in proving our main
results.
Lemma 4.1 [7]. φ(Pn, 2) = n + 1 and φ(Ta,b,c , 2) = a + b + c + 2 − abc.
Lemma 4.2. 2 ∈ Spec(Da,b,c) if and only if c = 0. Moveover, the multiplicity of 2 is 1.
Proof. By Lemma 2.4 we obtain that
φ(Da,b,c) = φ(Ca)φ(Hb+c+1,b) − φ(Pa−1)φ(Hb+c,b)
= φ(Ca)φ(Hb+c+1,b) − φ(Pa−1)φ(Cb)φ(Pc) + φ(Pa−1)φ(Pb−1)φ(Pc−1).
Since φ(Cg , 2) = 0, by Lemma 4.1 we arrive at
φ(Da,b,c , 2) = abc, (4)
which implies that the ﬁrst assertion holds.
Let u and v denote the vertices of degree 3 in Da,b,c , respectively. By Lemma 2.2 we get
λ1(Da,b,c) λ1(Da,b,c − u) λ2(Da,b,c) λ2(Da,b,c − u) λ3(Da,b,c)
and
λ3(Da,b,c) λ2(Da,b,c − u) λ1(Da,b,c − u − v) = λ1(P1 ∪ Pa−1 ∪ Pb−1).
Since Da,b,c contains the cycles with λ1 = 2 as its proper subgraphs and λ1(Pn) < 2, from the above two
inequalities and Lemma 2.1 we have λ1(Da,b,c) > λ2(Da,b,c) = 2 > λ3(Da,b,c), which shows the second
assertion. 
Very recently Ramezani et al. in [12] computed the characteristic polynomial of theta and dumbbell
graphsbyexpressing themin termsof thecharacteristicpolynomialsofpaths. Its ideasandsomeresults
areuseful to investigate the spectral characterizationof dumbbell graphs. The following lemma is taken
from [12].
Lemma 4.3. There is no θ-graph cospectral with a dumbbell graph.
In [12], d(a, b, c) denotes a dumbbell graphwhich is actually equivalent toDa+1,c+1,b−1 in this paper.
For consistency, we adopt our notation in the following text, i.e., Da,b,c = d(a − 1, c + 1, b − 1).
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The following polynomial was deﬁned and calculated as follows in [12]:
U(a, b, c; x) = (x2 − 1)3xl+2φ(Da,b,c , λ) + 1 − 4x2 + 4x4 − x2l+6(x2 − 2)2, (5)
where l = a + b + c − 1 and
U(a, b, c; x) = x2c+8 + 2xa + 2xb − 6xa+2 − 6xb+2 + 4xa+4 + 4xb+4 − x2a − x2b
+ 2x2a+2 + 2x2b+2 − 4xa+b + 8xa+b+2 − 4xa+b+4 + 2xa+2b + 2x2a+b
− 2xa+2b+2 − 2x2a+b+2 − x2a+2b + 2xa+2c+6 + 2xb+2c+6 − 2xa+2c+8
− 2xb+2c+8 − 2x2a+2c+6 − 2x2b+2c+6 + x2a+2c+8 + x2b+2c+8
+ 4xa+b+2c+4 − 8xa+b+2c+6 + 4xa+b+2c+8 − 4xa+2b+2c+4 − 4xb+2a+2c+4
+ 6xa+2b+2c+6 + 6xb+2a+2c+6 − 2xa+2b+2c+8 − 2xb+2a+2c+8.
Lemma 4.4. No two non-isomorphic dumbbell graphs are cospectral.
Proof. Suppose that Da,b,c and Da1,b1,c1 are cospectral, recall that a b and a1  b1. Since they have
the same number of vertices, we have
a + b + c = a1 + b1 + c1 (6)
and by (5),
U(a, b, c; x) = U(a1, b1, c1; x). (7)
Also by (4)
abc = a1b1c1. (8)
The smallest exponent of x in U(a, b, c; x) is equal to a or 2c + 8. Therefore, by (7), without loss of
generality, we may assume that one of the following occurs:
(i) a = a1, (ii) 2c + 8 = 2c1 + 8 or (iii) a = 2c1 + 8.
Firstly let (i) hold, so a = a1. From (6) and (8)we get that b + c = b1 + c1 and bc = b1c1,whose solutions
are b = b1 and c = c1 or b = c1 and c = b1. Clearly b = b1 and c = c1 implies that the two graphs
are isomorphic. So let us consider only the case b = c1 and c = b1. By (7) we have that U(a, b, c; x) −
U(a, c, b; x) = 0, but it is easy to check that the latter holds if and only if b = b1 = c = c1, which means,
again, that the two graphs are isomorphic.
Secondly suppose that (ii) holds, so c = c1. Thus by (6) and (8) we obtain a + b = a1 + b1 and ab =
a1b1, whose solutions are a = a1, b = b1 and a = b1, b = a1. The latter one implies a = b = a1 = b1 by
the assumption that a b and a1  b1.
Finally assume that (iii) holds. The coefﬁcient of xa in the left side of (7) can be 2, 3, 4 and 5 when
a /= b and a /= 2c + 8, a /= b and a = 2c + 8, a = b and a /= 2c + 8, and a = b = 2c + 8, respectively. The
coefﬁcient of x2c1+8 in the right side of (7) can be 1, 3, 5, when 2c1 + 8 /= a1, 2c1 + 8 = a1 and 2c1 + 8 /=
b1, and 2c1 + 8 = a1 = b1, respectively. Since the two coefﬁcients must be equal, then they must be
either 3 or 5. But it is easy to check that in the two latter cases the two graphs are isomorphic. 
5. Main results
In this last section we will prove, in the two following theorems, that all dumbbell graphs Da,b,c ,
without cycles C4, with c /= 0 or c = 0 and gcd(a, b) 2 are determined by their adjacency spectrum.
Theorem 5.1. The dumbbell graph Da,b,c without cycle C4 and c /= 0 is determined by its spectrum.
Proof. LetH be any graph cospectral to Da,b,c . By Theorem 3.1 we know thatH is a (2,3)-almost regular
graph with the same degree sequence of Da,b,c , i.e., H is the disjoint union of dumbbell graphs and
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cycles or the disjoint union of θ-graphs and cycles. Since c /= 0, by Lemma 4.2, 2 /∈ Spec(Da,b,c) and so
H is a dumbbell graph or a θ-graph. By Lemmas 4.3 and 4.4 we obtain that H ∼= Da,b,c . 
Now we consider the dumbbell graph Da,b,c without cycle C4 and c = 0. From Lemma 4.2 we get
2 ∈ Spec(Da,b,0).
Theorem 5.2. The dumbbell graphDa,b,0 without cycle C4 and gcd(a, b) 2, is determined by its spectrum.
Proof. SinceDa,b,0 is (2, 3)-almost regular (cf. Theorem 3.1) and it has 2 as eigenvaluewithmultiplicity
1 then it can be cospectral to a dumbbell graph, a theta graph, a disjoint union of a dumbbell graph
and a cycle, and a disjoint union of a theta graph and a cycle. By Lemmas 4.3 and 4.4 we can exclude
from possible cospectral graphs to Da,b,0 both theta and dumbbell graphs.
Sowemust consider just the eventual disconnected cospectral graphs. Assumenowthat gcd(a, b)
2, and let v be the cut vertex of degree 2 in Da,b,0. We will show that all eigenvalues of Da,b,0 are
simple, then the cospectral graphs cannot have a cycle as connected component, since the cycles have
eigenvalues with multiplicity 2 with the exception of 2 and −2.
Consider Lemma 2.2 applied to v, then we get that the spectrum of Da,b,0 must contain the eigen-
values of Ca and Cb, with eventually the exclusion of −2. In fact, the subgraph Da,b,0 − v is equal to
Ca ∪ Cb and, since the eigenvalues of the cycles are of multiplicity 2 except for 2 and −2, the parent
graph Da,b,0 must contain at least once their eigenvalues (with eventually the exclusion of −2). Note
that under the assumption gcd(a, b) 2, the common eigenvalues between Ca and Cb could be just 2
(always) and −2 (if both a and b are even).
Furthermore, the eigenvalues (with eventually the exclusion of−2) of Ca and Cb appear once in the
spectrum of Da,b,0. In fact, by Lemma 2.4(i) applied to Da,b,0 at v, we get
φ(Da,b,0, λ) = λφ(Ca, λ)φ(Cb, λ) − φ(Ca, λ)φ(Pb−1λ) − φ(Cb, λ)φ(Pa−1, λ). (9)
So any eigenvalue (with eventually the exclusion of −2) of Ca and Cb can satisfy (9) just once, since the
roots of characteristic polynomials of paths are simple.Hence, inDa,b,0 the eigenvalues (with eventually
the exclusion of −2) of Ca and Cb are simple, and the remaining eigenvalues strictly interlace them.
We can conclude that all eigenvalues of Da,b,0, with gcd(a, b) 2, are simple and this is incompatible
with any cycle Cp as connected component, since it has eigenvalues of multiplicity 2.
This completes the proof. 
Remark 5.1. In order to prove that all dumbbell graphs Da,b,c without cycle C4 are determined by the
spectrum, it remains to check whether Da,b,0, with gcd(a, b) 3, has cospectral mates consisting of
a disjoint union of a theta graph and a cycle or a dumbbell graph and a cycle. The authors plan to
consider the above situation in one of their forthcoming paper(s).
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